The first Chern class and conformal area for a twistor holomorphic immersion by Hasegawa Kazuyuki














(will be inserted by the editor)
The rst Chern class and conformal area
for a twistor holomorphic immersion
Kazuyuki HASEGAWA
Received: date / Accepted: date
Abstract We obtain an inequality involving the rst Chern class of the nor-
mal bundle and the conformal area for a twistor holomorphic surface. Using
this inequality, we can improve an inequality obtained by T. Friedrich for the
Euler class of the normal bundle of a twistor holomorphic surface in the four-
dimensional space form. Moreover, as a corollary, we see that the area of a
superminimal surface in the unit sphere is an integer multiple of 2, which is
essentially proved by E. Calabi.
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1 Introduction
The twistor space is important and useful in the study of conformal geometry,
because it allows the translation of certain conformal objects into complex
ones. It is also important for the study of surfaces in the unit sphere, par-
ticularly, superminimal surfaces (see [1] and [2]). Moreover, in [4], the notion
of a twistor holomorphic surface in a four-dimensional manifold is introduced,
which contains that of a superminimal surface. In fact, a superminimal surface
is minimal and twistor holomorphic. Because the property that a surface is
twistor holomorphic is invariant under conformal transformations of the am-
bient space, it is interesting to study such surfaces from the view point of
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conformal geometry. By denition, a twistor holomorphic surface has a holo-
morphic twistor lift. Hence, we can also study twistor holomorphic surfaces
using complex geometry. Therefore, twistor holomorphic surfaces have interest-
ing features. For example, twistor holomorphic surfaces in the four-dimensional
space form of constant curvature have the lowest Willmore energy in each reg-
ular homotopy class and these values are given by the Euler classes (see [4]
and [7] for example). In particular, the areas of superminimal surfaces take
discrete values.
The twistor lifts of surfaces with codimension two have been extensively
studied (see for example [1], [4], [5] and [7]). We study the case of surfaces
with higher codimension, as these are also interesting from the view point
of conformal and complex geometry. In this paper, we obtain an inequality
involving the rst Chern class of the normal bundle and the conformal area
for a twistor holomorphic surface. Note that the conformal area, introduced in
[9], is an important conformal invariant. Using this inequality, we can improve
an inequality, obtained in [4], for the Euler class of the normal bundle of a
twistor holomorphic surface in the four-dimensional space form. Moreover, as
a corollary, it can be shown that the area of a compact superminimal surface
in the unit sphere is an integer multiple of 2, which is essentially proved in
[2].
In Section 2, we study complex vector bundles and the decomposition of
connections. We then recall the denitions of the twistor space and twistor
lift in Section 3. In Section 4, we obtain an equality involving the rst Chern
classes for a twistor holomorphic submanifold, and in the last section, derive
an inequality involving the rst Chern class of the normal bundle and the
conformal area.
2 Complex vector bundles.
Throughout this paper, all manifolds and maps are assumed to be smooth. Let
E be a vector bundle over a manifold M and Ex the ber of E over x 2 M .
We write TM for the tangent bundle of M and End(E) for the vector bundle
whose ber End(E)x over x 2M is the space of all linear maps from Ex into
itself. Let ' : N !M be a smooth map and F a ber bundle overM . The pull
back bundle of F over N by ' is denoted by '#F . The set of all connections
of a vector bundle E is denoted by C(E). The space of all sections of a ber
bundle F is denoted by   (F ). Let k(E) be the set of all E-valued k-forms
on M .
Let M be an almost complex manifold with an almost complex structure
J and E a vector bundle over M with I 2   (End(E)) satisfying I2 =  id and





(DX   IDJX); D00 := 1
2
(DX + IDJX)
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for X 2 TM and  2   (E). It is easy to see D = D0 + D00. The connection
D on E induces the connection D on End(E), which is given as follows. For
S 2   (End(E)), DXS 2   (End(E)) is dened by
( DXS)() := [DX ; S]() = DXS()  S(DX)
for X 2 TM and  2   (E). Let r 2 C(TM) be a torsion free connection on
M . We can also dene the connection (we use the same letter D) on T M 

End(E), that is,
( DXT )Y  := DX(TY )  TrXY    TY (DX) = [DX ; TY ]()  TrXY 
= ( DXTY )()  TrXY 
for T 2   (T M 
 End(E)). We dene DI 2 C(E) by


























for X 2 TM and  2   (E). We see that D0 = DI0+AD0 and D00 = DI00+AD00,
and hence D = DI0 +DI00 +AD0 +AD00. We can obtain the following lemmas
from straightforward calculations.
Lemma 1 We have AD0, AD00 2 1(End(E)).
Lemma 2 We have [DI ; I](= DII   IDI) = 0, that is, I is parallel with
respect to DI .














X I =  IAD0X ; DI00X I = IDI00X ; AD00X I =  IAD00X
for X 2 TM .
The operators AD0 and AD00 are explicitly given as follows.








(I( DXI)  ( DJXI))
for X 2 TM .
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for X 2 TM . Moreover, by Lemma 3, it holds that
1
2












for X 2 TM . Therefore, the desired equations are obtained. ut
If AD00 = 0, then we have AD0X = (1=2)( DJXI). Hence, we see that
( DXA
D0)Y = DXAD0Y  AD0rXY =
1
2
DX DJY I   1
2
DJrXY I: (1)
Let RD be the curvature form of D 2 C(E). Using (1), we have the following
lemma.






( DXI)( DY I)  1
4






for all X, Y 2 TM .






























( DJXI)( DJY I) +
1
4






( DXI)( DY I) +
1
2





( DY I)( DXI)  1
2






( DJXI)( DJY I) +
1
4






( DXI)( DY I)  1
4






for all X, Y 2 TM . ut
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Using Lemma 5, we can state the following.
Lemma 6 If AD00 = 0, then we have
Tr(RDX;Y  I) = Tr(RD
I
X;Y  I) +
1
2
Tr( DJXI)  ( DY I)
for X, Y 2 TM .
Proof From I(R
D
X;Y I) = I(R
D
X;Y I   IRDX;Y ) = IRDX;Y I + RDX;Y , we see that
TrI(R
D
X;Y I)I = Tr( IRDX;Y +RDX;Y I) = 0 for all X, Y 2 TM . ut
Let c1(E;D
I) be the rst Chern form of (E;DI). We see that
4c1(E;D
I)(X;Y ) = Tr(RD
I
X;Y  I)
for X, Y 2 TM . Hence, if AD00 = 0, Lemma 6 implies that
Tr(RDX;Y  I) = 4c1(E;DI)(X;Y ) +
1
2
Tr( DJXI)  ( DY I): (2)
3 Twistor spaces and twistor lifts.
Consider the space of all complex structures compatible with the metric and
orientation on an oriented 2n-dimensional vector space V with the inner prod-
uct. For more details, see [11]. A complex structure on V is an endomor-
phism J : V ! V such that J2 =  id. If a complex structure J satises
tJ = J 1, where t is the transpose of J , then we say that J is compati-
ble with the inner product. A complex structure J is said to be compatible
with the specied orientation of V if the orientation of V determined by J
agrees with the specied orientation. We denote the set of all skew-symmetric
endomorphisms of V by so(V ). Let W (V ) be the subset of so(V ) consist-
ing of all complex structures on V compatible with the inner product and
orientation of V . If we choose J0 2 W (V ), then we have the identication
W (V ) = SO(V )=U(V; J0), where SO(V ) is the special orthogonal group act-
ing on V and U(V; J0) = fA 2 SO(V ) j AJ0 = J0Ag. The tangent space of
W (V ) at J can be identied with the vector subspace fa 2 so(V ) j aJ =  Jag.
We dene an almost complex structure J on W (V ) by
J (a) = 1
2
[J; a]
for a 2 TJW (V ). Note that we have J (a) = (1=2)[J; a] = (1=2)(Ja   aJ) =
Ja =  aJ for all a 2 TJW (V ). We dene an SO(V )-invariant inner product
h ; i on so(V ) by ha; bi = Tr(atb) for all a, b 2 so(V ). Such an inner product
restricts to a Riemannian metric on W (V ). Let pJ be the projection from






for all a 2 TJso(V ). The space (W (V ); h ; i;J ) is a Kahler manifold (see
[11]).
Let ( ~M; ~g) be a 2n-dimensional oriented Riemannian manifold. We dene





The bundle projection p : Z( ~M)! ~M and the Levi-Civita connection induce
the vertical and horizontal subbundles of TZ( ~M). The almost complex struc-
ture JZ on the twistor space is dened by JZ(X) = (J(p(X)))hJ for all hori-
zontal vectors X and JZ(Y ) = J (Y ) for all vertical vectors Y at J 2 Z( ~M),
where (  )h stands for the horizontal lift and J is the complex structure dened
above. It is well-known that JZ is integrable if and only if ~M is anti-self-dual
when dim ~M = 4, and ~M is conformally at when dim ~M > 4.
Next we dene the twistor lift for an almost Hermite submanifold in an
even-dimensional Riemannian manifold. Let M be a 2k-dimensional almost
Hermite manifold with an almost complex structure I and Hermite metric g,
and ~M an oriented 2n-dimensional Riemannian manifold. Let f :M ! ~M be
an isometric immersion from M into ~M . The normal bundle of f is denoted
by T?M . We assume that there exists a complex structure I? on the normal
bundle T?M that is compatible with the metric. We can then dene ~I along
f by ~I(X) = I(X) for all X 2 TM and ~I() = I?() for all  2 T?M . If ~I(x)
is compatible with the orientation of Tf(x) ~M for all x 2 M , then the section
~I 2   (f#(Z( ~M))) is called a twistor lift of M . In [8], ~I is called an admissible
twistor lift. In the case of dimM = 2 and dim ~M = 4, we can dene the twistor
lift uniquely.
Letr (resp. ~r) be the Levi-Civita connection of g (resp. ~g) and the connec-
tion on the normal bundle T?M is denoted by r?. The second fundamental
form (resp. the shape operator) is denoted by  (resp. S). The mean curvature







where (e1; : : : ; e2k) is an orthonormal frame of M . We often omit the symbol
f# for the induced objects of f if there is no confusion. For example, we use
the same letter ~r for the connection on End(f#(T ~M)). It is easy to obtain
the following lemma.
Lemma 7 We have
( ~rX ~I)(Y ) = ( rXI)(Y ) + (X; IY )  I?(X;Y )
and
( ~rX ~I)() = ( r?XI)()  SI?X + ISX
for all X, Y 2   (TM) and  2   (T?M).
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If the twistor lift satises ~rX ~I = 0 for all X 2 TM , then M is called a
superminimal submanifold (or f is called a superminimal immersion). If M is
superminimal, then it is minimal, that is, H = 0. By Lemma 7, we have the
following proposition.
Proposition 1 Let M be a submanifold in ~M with twistor lift ~I. Then M is
superminimal if and only if the following equations hold :
(1) rI = 0;
(2) r?I? = 0;
(3) (X; IY ) = I?(X;Y ) for all X, Y 2 TM .
We study the inuence of conformal changes on geometric objects of sub-
manifolds. On ~M , we take two Riemannian metrics ~g1 and ~g2 satisfying ~g2 =
'2~g1 for a smooth function ' > 0 on ~M , that is, ~g1 and ~g2 are conformally
equivalent. The Levi-Civita connections ~r~g1 , ~r~g2 of ~g1, ~g2 are related as fol-
lows :
~r~g2X Y = ~r~g1X Y + (XF )Y + (Y F )X   ~g1(X;Y )grad~g1F
for X, Y 2   (T ~M), where F = log'. Thus, we see that





((XF )Y + (Y F )X
 (~IXF )~IY   (~IY F )~IX); (4)





((XF )Y + (~IXF )~IY
 ~g1(X;Y )grad~g1F   ~g1(~IX; Y )~Igrad~g1F ); (5)
A
~r~g2 0





((Y F )X + (~IY F )~IX
 ~g1(X;Y )grad~g1F + ~g1(~IX; Y )~Igrad~g1F ); (6)
A
~r~g2 00
X Y = A
~r~g1 00
X Y (7)
for X, Y 2   (T ~M). We dene (2;0) and (0;2) by
(2;0)(X;Y ) := (X;Y )  I?(IX; Y )  I?(X; IY )  (IX; IY );
(0;2)(X;Y ) := (X;Y ) + I?(IX; Y ) + I?(X; IY )  (IX; IY )
for X and Y 2 TM . To nd conformal invariants for submanifolds, equations
(4)-(7) can be used. For example, decompose Af
# ~r00
X Y and A
f# ~r00
X  (X, Y 2
TM and  2 T?M) into their tangential and normal components. We have
the following lemma.
Lemma 8 Let M be a submanifold in ~M with twistor lift ~I. The following
objects are invariant under conformal transformations of ~M : (2;0), Ar00,
(0;2) and r?I?. In particular, if dimM = 2 and M is compact,Z
M
k r?I?k2dvg




?00 are invariant under conformal transformations
of ~M , so is Ar
?0+Ar
?00. Hence, r?I? is invariant. It is clear that the others
are also invariant under conformal transformations. ut
If the twistor lift satises ~I  I = JZ  ~I, then M is called a twistor
holomorphic submanifold (or f is called a twistor holomorphic immersion).
By the denition of JZ , f is twistor holomorphic if and only if it holds that
~rIX ~I = ~I ~rX ~I (8)
for all X 2 TM , which is equivalent to Af# ~r00 = 0. In fact, taking the vertical
components of (~II)(X) = (JZ~I)(X) forX 2 TM , we see that p~I( ~rIX ~I) =
~I(p~I(
~rX ~I)). Using (3), we obtain equation (8), from which we can state the
following.
Proposition 2 Let M be a submanifold in ~M with twistor lift ~I. Then M is
twistor holomorphic if and only if the following conditions hold :
(1) Ar00 = 0, that is, the almost complex structure I is integrable,
(2) Ar
?00 = 0, that is, r?IXI? = I?( r?XI?) holds for all X 2 TM ,
(3) (0;2) = 0.
By Lemma 8 and Proposition 2, we have the following corollary.
Corollary 1 The property that f is twistor holomorphic is invariant under
conformal transformations of ~M .
If M is superminimal, then M is twistor holomorphic. Let Ql(c) be the
space form of dimension l and constant curvature c, and set Sl := Ql(1). We
now give examples of superminimal and twistor holomorphic immersions.
Example 1 Linearly full minimal immersions from compact surfaces of genus
0 into S2n are superminimal (see [2]). A typical example of a superminimal
immersion is the standard immersion from 2-sphere, for example, the Veronese
immersion into S4.
Example 2 Any holomorphic immersions from a Kahler manifold into a Kahler
manifold are superminimal.
Example 3 Simply connected totally umbilic surfaces in Q2n(c) are twistor
holomorphic. The normal connection of a totally umbilic surface is at. Hence,
we can take an orthonormal parallel frame of the normal bundle, because the
surface is simply connected. A parallel complex structure of the normal bundle
can be dened using the frame. Note that a twistor holomorphic surface in
Q2n(c) with a at normal connection must be totally umbilic (see Lemma 13).
Example 4 Any holomorphic immersions from an Hermite manifold into an
Hermite manifold are twistor holomorphic. Consider a holomorphic immersion
f from a complex submanifoldM into the Calabi-Eckmann manifold S2p1+1
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S2p2+1. See [6] for dierential geometric properties of the Calabi-Eckmann
manifold. The immersion f need not be superminimal. In fact, for example,
M = S2p1+1  S1 (p1  1) is a complex submanifold in S2p1+1  S2p2+1 and
the induced structure on M is never Kahlerian for topological reasons, where
S1 is a ber of the Hopf bration of the second factor. Therefore M is not
superminimal.
Other examples can be found in [4] and [5].
Remark 1 In the case of dimM = 2 and dim ~M = 4, totally geodesic surfaces
( = 0) are superminimal. However, the example above shows that this is not
true in general for the higher (co)dimensional cases. In fact, the submanifold
S2p1+1  S1 in S2p1+1  S2p2+1 is totally geodesic but not superminimal.
Remark 2 We can dene another almost complex structure JZ 0 on the twistor
space Z( ~M) as follows : JZ 0(X) = (J(p(X)))hJ for all horizontal vectors
X at J 2 Z( ~M) and JZ 0(Y ) =  J (Y ) for all vertical vectors Y . Note
that JZ 0 is never integrable. We can also study an almost Hermite subman-
ifold M in ~M isometrically immersed by f whose twistor lift is holomorphic
with respect to JZ 0. Such a submanifold satises Ar0 = 0, Ar
?0 = 0 and
(X;X) + (IX; IX) = 0 for all X 2 TM . Thus M is (1; 2)-symplectic and
f is pluriminimal. See [3] and [10] for example. Note that JZ 0-holomorphicity
of the twistor lift is not invariant under conformal transformations of ~M .
4 The rst Chern classes for twistor holomorphic submanifolds.
Let (M; g; I) be an almost Hermite submanifold in ( ~M; ~g) with dimM = 2k
and dim ~M = 2n, and ~I a twistor lift of M . We dene  by
(X;Y ) = (X; IY )  I?(X;Y )
for X, Y 2 TM . It is easy to see that  = 0 if M is superminimal. We obtain
(0;2)(X; IY ) = (X;Y ) (IX; IY ) for all X, Y 2 TM . The curvature forms
of ~r, r, r? are denoted by ~R, R, R?, respectively. Set R? 2   (End(T?M))









for  2   (T?M) (resp. X 2   (TM)), where (e1; : : : ; e2k) is an orthonormal
frame of M .












where (1; : : : ; 2(n k)) is an orthonormal frame of T?M .
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Proof By the Ricci equation, we have
~g(R?X;Y ; ) = ~g(SSX;Y )  ~g(SSX;Y ) + ~g( ~RX;Y ; )






~g((ei; ej); )~g((Iei; ej); )





































Lemma 10 Let M be a submanifold in ~M with twistor lift ~I. We have








k(0;2)k2 = 2kk2   2TrR? + 4
2kX
i;j=1













~g((ei; Iej)  I?(ei; ej); (ei; Iej)  I?(ei; ej))





















~g((ei; ej)  (Iei; Iej); (ei; ej)  (Iei; Iej))
= 2kk2   2
2kX
i;j=1
~g((ei; ej); (Iei; Iej))
= 2kk2   4
2kX
i;j=1




~g((ei; Iej); (Iei; ej)):
Therefore we have










~g((ei; Iej); (Iei; ej))
by Lemma 9. ut




Tr(TxM 3 Z 7! RX;IY IZ)









where e1; : : : ; e2k is an orthonormal frame of M .
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Lemma 11 Let M be a submanifold in ~M with twistor lift ~I. We have
2kX
i;j=1





~g( ~R(ei; Iei)Iej ; ej)  :
Proof By the Gauss equation, we have
2kX
i;j=1















~g( ~Rei;IeiIej ; ej)  2 +
2kX
i;j=1









~g( ~Rei;IeiIej ; ej)  :
ut
Let  be the scalar curvature of (M; g).











?l; l) + 2
2kX
i;j=1
~g( ~Rei;IeiIej ; ej):
Proof By the Gauss equation, we have
2kX
i;j=1
~g( ~Rei;ejej ; ei) = + kk2   4k2kHk2:
Using Lemmas 10 and 11, we obtain the conclusion. ut
Lemma 13 Let M be a submanifold in the space form Q2n(c) with twistor lift
~I. We have
k(0;2)k2 = 16k2c  4(+ ) + 16k2kHk2   4TrR?:
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Proof We see that
2kX
i;j=1






?l; l) = 0;
2kX
i;j=1
~g( ~Rei;IeiIej ; ej) = 4ck:
Using Lemma 12, we can obtain the desired equation. ut
Let 
 be the fundamental 2-form of (g; I). Set 
t := 
^   ^
 (t-times).
It is easy to prove the following lemma.






k = 2k( ^
k 1):
Using (2), we can show the following.
Lemma 15 If Ar00 = 0 and Ar









c1(TM;rI)(ei; Iei) = 4 + k rIk2:
By Lemmas 13, 14 and 15, we have the following proposition.
Proposition 3 Let M be a 2k-dimensional compact submanifold in Q2n(c)
with twistor lift ~I. If Ar00 = 0 and Ar

































The equality holds if and only if M is twistor holomorphic.
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As a submanifold in R2(p1+p2)+4(= Q2(p1+p2)+4(0)), the Calabi-Eckmann
manifold S2p1+1  S2p2+1 satises the assumptions in Proposition 3 but is
not twistor holomorphic. In fact, because the almost complex structure on the
Calabi-Eckmann manifold is integrable and r?I? = 0, we see that Ar00 = 0
and Ar
?00 = 0. However, we have (0;2)(J1N1; J2N2) 6= 0, where Ni is the unit
outward normal vector eld of S2pi+1 in R2pi+2 = Cpi+1 and Ji is the standard
complex structure of Cpi+1 (i = 1; 2). Note that the Calabi-Eckmann manifold
with p1 + p2  1 does not admit any Kahler structures. If a submanifold is a
Kahler manifold, the following corollary holds.
Corollary 2 Let M be a compact submanifold of dimM = 2k in Q2n(c) with
twistor lift ~I. If M is a Kahler manifold and Ar
























where c1(TM) (resp. c1(T
?M)) is the rst Chern class of TM (resp. T?M).
The equality holds if and only if M is twistor holomorphic.
Proof Because M is a Kahler manifold, we see that  = . Using Lemma 15,
we have the conclusion. ut
The second (resp. fourth) term of the left hand side of the inequality in
Corollary 2 depends only on the cohomology classes c1(TM) (resp. c1(T
?M))
and [
], not on the forms representing them.
5 The conformal areas for twistor holomorphic surfaces.
We begin by recalling the conformal area for a surface in Sm(= Qm(1)) which is
introduced in [9]. Although the notion of the conformal volume is dened more
generally, we only explain it for our setting. Let M be an oriented surface and
f :M ! Sm a conformal immersion. The group of conformal dieomorphisms
of Sm is denoted by G. We say that the conformal immersions f1 and f2 are
equivalent if there exists  2 G such that f1 =   f2. The equivalent class of
a conformal immersion f is denoted by [f ]. The conformal area CA(m; [f ]) of
[f ] is dened by





where g0 is the standard metric of S
m. By denition, it is easy to see that the
conformal area depends on the equivalent class. Using Corollary 2, we have
the following theorem.
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Theorem 1 Let M be a compact twistor holomorphic surface in S2n im-
mersed by f . We have













If there exists  2 G such that   f is minimal, then the equality holds.
















where A(f) is the area of (M; g(= fg0)) and Hf is the mean curvature vector
eld of f . For any h 2 G, it holds that

















because the property that M is twistor holomorphic is invariant under confor-
mal transformations. By Lemma 8, we see that












for any h 2 G. Hence, the desired inequality holds. Next we assume that there
exists  2 G such that   f is minimal. Then we have












By the denition of the conformal area, we see that the equality holds. ut
Note that each term of the left hand side of (9) is a conformal invariant.
Consider the Cliord torus in S3 minimally immersed by f . Let  : S3 ! S4
be the totally geodesic embedding. Then   f is not twistor holomorphic. On









Therefore the assumption that a surface is twistor holomorphic is needed to
obtain (9).
The conformal area satises CA(m; [f ])  4k  4, where k is the max-




#fx 2M j f(x) = p 2 ~Mg:
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Corollary 3 Let M be a compact twistor holomorphic surface in Q2n(c) im-
mersed by f with genus q and maximum multiplicity k. Then we have











If the equality holds in (10), then f is an embedding.
Proof Because each term in the inequality is invariant under conformal trans-
formations, we may assume that f is a twistor holomorphic immersion into
S2n. The conformal area satises CA(2n; [f ])  4k. From Theorem 1, it
follows that











holds, then k = 1, so f is an embedding. ut
Remark 3 It is easy to see that





for any twistor holomorphic immersion f :M ! S2n.
Lemma 16 Let M be a compact twistor holomorphic surface in Q2n(c) im-




?M) = 0. Then M is totally umbilic.





then q = 0. Using Theorem 1, we see













and hence, r?I? = 0. By Lemmas 13 and 15, we haveZ
M
(c K + kHk2)dvg = 0;
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where K is the Gaussian curvature of M . On the other hand, by the Gauss





(c K + kHk2)dvg =
Z
M




where  is dened by (X;Y ) = (X;Y ) g(X;Y )H. Hence we see that  = 0,
that is, M is totally umbilic. ut
In Corollary 3 in [4], it is shown that the Euler number of any compact
twistor holomorphic surface in Q4(c) must be positive except the case the
surface is totally umbilic (in [4], the complex structure on the normal bundle
is the opposite of that used here). By Corollary 3 and Lemma 16, we can
summarize the following corollaries as a generalization of this result.
Corollary 4 Let M be a compact twistor holomorphic surface in Q2n(c) im-






The equality holds if and only if M is totally umbilic.
In the case of a twistor holomorphic surface in Q4(c), we can improve
Corollary 3 in [4].
Corollary 5 Let M be a compact twistor holomorphic surface in Q4(c) im-






The equality holds if and only if f is totally umbilic.
Proof It is sucient to show that f is umbilic if the equality holds. From
the assumption, we see that f is an embedding. We may assume that f is
an embedding into R4 = Q4(0). On the other hand, it holds that 2If =R
M
c1(T





?M) = 0. Then f is totally umbilic. ut
Remark 4 Let L be a holomorphic line bundle over a compact Riemann surface
with genus q. It is well-known that ifZ
M
c1(L) > 2q;
then L is very ample. Hence, the normal bundle of a twistor holomorphic
immersion f into Q4(c) that is not totally umbilic is very ample with respect to
the Koszul-Malgrange holomorphic structure described byr?00 by Corollary 5.
For example, the normal bundle of the Veronese immersion into S4, which is a
superminimal immersion, satises these conditions. Examples of superminimal
surfaces of higher genus can be found in [4].
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Finally, we can also obtain the following corollary, which is essentially
proved in [2].
Corollary 6 Let M be a compact superminimal surface in S2n immersed by
f . Then the area of M is an integer multiple of 2.
Proof Because M is superminimal, we have r?I? = 0 by Proposition 1, and
the equality in (9) holds. For a minimal surface, the conformal area coincides
with the usual area (see [9]). Thus we have
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